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Killing reduction of 5-dimensional spacetimes
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In a 5-dimensional spacetim&/(,g,,,) with a Killing vector field&? which is either everywhere time like or
everywhere space like, the collection of all trajectorieg®fjives a 4-dimensional spa& The reduction of
(M,gap) is studied in the geometric language, which is a generalization of Geroch’s method for the reduction
of 4-dimensional spacetime. A 4-dimensional gravity coupled to a vector field and a scalar fi€dson
obtained by the reduction of vacuum Einstein’s equationMomwhich gives also an alternative description of
the 5-dimensional Kaluza-Klein theory. In addition to the symmetry-reduced action from the Hilbert action on
M, an alternative action of the fields dis also obtained, the variations of which lead to the same fields
equations as those reduced from the vacuum Einstein equatidh on
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[. INTRODUCTION of &, parallel to Geroch’s. The results show that
5-dimensional gravity with a Killing vector is equivalent to
Spacetime reduction is very important in any high dimen-4-dimensional gravith,, coupled to a vector field, and a
sional theory of physics such as Kaluza-KIgkK) theory  scalar field\, and hence it is consistent with the conclusion
[1-5], high dimensional theory of gravit}g,7], and string  of the Kaluza-Klein theory. We then study the reduction from
theory[8,9]. Dimensional reduction can make a high dimen-the viewpoint of variation principle. It turns out that the
sional theory contact the 4-dimensional sensational world. Isymmetry-reduced action from the Hilbert action &
is also a useful approach to study spacetimes with symmewould give the correct reduced field equations only if one
tries. The original Kaluza-Klein theory unifies electromag-usedB,, which has a trivial relation with the 5-metric com-
netic and gravitational interactions in four dimensions by aponents, rather thaA, as one of the arguments. Finally, we
5-dimensional spacetime. Since the theory was first proposegstopose another 4-dimensional action 8nlts variations
by Kaluza[10], it has been studied by a large number ofwith respect toh®, N and A, can give the same reduced
authors[1-5] and also extended to higher dimensions in or-field equations.
der to give rise to a unification of gravity with non-Abelian
gauge theorieEll]. Along with the successful description of 1. SYMMETRIC REDUCTION OF 5-DIMENSIONAL
the electroweak and strong interactions as gauge theories, the SPACETIME
KK approach may serve as a framework for studying their
unification with gravity. Also using the idea of supergravity — Let (M,g,p) be ann-dimensional spacetime with a Kill-
in KK theory, a geometric description of both gauge fieldsing vector field¢?, which is either everywhere time like or
and spinor matter is possible. everywhere space like. Le$ denote the collection of all
In Ref.[12], Geroch introduced a Killing reduction for- trajectories of¢®. A map ¢ from M to S can be defined as
malism of 4-dimensional spacetime. LeiM,g,,) be a follows: For each poinp of M, (p) is the trajectory of?
4-dimensional spacetime with a Killing vector figfl which ~ passing througip. AssumeSis given the structure of a dif-
is either everywhere time like or everywhere space like. Thderentiable —1)-manifold such that) is a smooth map-
collection of all trajectories of® gives a 3-dimensional ping. It is natural to regar® as a quotient space ®4. The
spaces. The discussion of Geroch shows that there is aroof of Geroch about the following conclusion is indepen-
one-to-one correspondence between tensor fields and tengégnt of the dimension d¥l: There is a one-to-one correspon-
operations or¥ and the certain tensor fields and tensor op-dence between tensor field® ¢ on S and tensor fields
erations onM. The differential geometry of will, in this ngjjg on M which satisfy
sense, be mirrored iM. Geroch gives the relations of geo-

metric properties betweeB and M and then obtains the £T28=0,... &T5 . 8=0,
field equations orx, which describes a 3-dimensional grav-
ity coupled to two massless scalar fields and is equivalent to LT3 9=0. (1

the vacuum Einstein equations o.

In this paper we extend Geroch’'s approach to aThe entire tensor field algebra o8 is completely and
5-dimensional spacetiméV(,g,p) with a Killing vector field  uniquely mirrored by tensor field ol subject to Eqgs(1).
in order to study its reduction. We first obtain a series ofThus, we shall speak of tensor fields being®merely as a
equations org, which is also the collection of all trajectories shorthand way of saying that the fields Fnsatisfy Eqs(1).

The metric, inverse metric and the Kronecker deltaSon
are defined as
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hab:gab_)\—lgagb’ (3) 2
D[awbc]:§8abcmr§mR pr (13
h3= 82—\ """ @
. ) and
whereA=£2¢, . Equation(4) can also be interpreted as the
projection operator ont& The covariant derivative o8 is a _§ 1 m
defined by D wab—z)\ wme . (14)
DT 8=hPhD- - -hihf- - -hIV,Tr 05, 5 (6) Using Eqs.(10) and(11) again, we have
whereV; is the covariant derivative associated with the met- 1 1
p 2y — "y 1 a _ "y —-1 ab _ megn
ric gap oNM andT2 s any tensor field o% Note thatD, DA 2)\ (D*\)Dah 2)\ @™ ap~ 2R mnE ¢,
satisfies all the conditions of a derivative operator and (15
Dchab=0.

whereD?=D?D,,.

We now consider the special case where5. It can be . b )
(7) Contracting Eq.(12) by h#" and using Eq(15), we

shown thate ypcq=|\| ™ Y% apcq® is the volume element as-

sociated with the metrib,, on 'S i.e., obtain
1 1
Dt&apca=0; (6) Rz—szwmnwm“ﬂ*lozx—EA*Z(DaA)DaHR;
here,e pcq4e1S the volume element associated with the metric (16)
g?bggrgM’ €., Vigapcqe= 0. We define the twist 2-formq, here, R and R are the scalar curvature ofSth,,) and
y (M,g,p) respectively.
Wab =€ abcalV LS. 7 Thus, the basic equations for a 5-dimensional spacetime

with a Killing vector field are a set of differential equations

Clearly we havew,,= wjay andw,,¢?=0. Itis also easy to  ON three variables, the metd@®, the norm\ and the twist

see that 2-form w,, of the Killing vector. They are formulated as
Egs.(12), (13), (14), and(15).
LAN=0, Liwap=0. tS) When the spacetimeM,g,;,) is source free R,,=0),
) Eq. (13) implies that flw)a,c ON Sis zero. Hence at least
Hence A andw,y are fields ors locally there is a 1-formA, on S such thatwq,=(dA),p

L_engthy but straightforward calculations lead to the fo"EZD[aAb]. Then Egs(12)—(15) become
lowing results.
(1) The Riemann tensdR,,cq Of (S,hyp) is related to the

1 1
— -2
Riemann tensoR,pcq 0f (M,ga,) by Rap=5)\ "% (AA)F(dA)om= 5 hap(dA) mr(dA)™

Rapeq= hPh&hlh3 [ Rogrst 2N~ (Vo &) (Vo) 1 1
abed TlalbITeTd L Trpars pRazt s + 5N TIDaDph — XA DMy, (17)
+ 20 H (V€ (Vgéo) - ©)
o - 3
(2) The derivative of the Killing vector reads Da(dA)abZE)\*l(dA)mem?\, (18)

1
Vaép=— Z)\ilgabcdécwde"'Ailg[bDa]A- (10

szzlxl D3\ )D )\—E)\’l dA),.,(dA)2P

(3) The second derivative reads (29

VaVoée=TR gab®. (11)  Equations (17)—(19) describe a 4-dimensional gravity

coupled to a vector field and a scalar field, which are equiva-
(4) Contracting Eq(9) and using Eqs(10) and(11), the lent to a 5-dimensional vacuum Einstein's equation with a

relation between the Ricci tens®t,, of (S,h,,) and the Killing symmetry. When the Killing vector field is space

Ricci tensorR 4, of (M,g,,) can be obtained as like, it coincides with the conclusion of the 5-dimensional
Kaluza-Klein theory. Thus, by reducing Einstein’s equation

1 1 1 ; ) ;

Ro==\"2 @M —Zh mn| 4~ 1D D\ on M by an extensu_)n_of Geroch’s method,_ we can prowde
ab— 2 @a @bm™ 5 Mab®mn® 2 a-’b an alternative description of the Kaluza-Klein theory ih 4
1 dimensions.
—ZMZ(Dax)DththRmn. (12
. SYMMETRY-REDUCED HILBERT ACTION ON S
(5) Taking the curl and divergence of E(/) and using For practical calculations, it is convenient to take a coor-
Egs.(10) and(11), one can get dinate system adapted to the congruence:
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o) g 20
x>
From Eq.(2), we have
gab:hab+)\71§a§b- (21)
The components of Eq21) are
Ou=h,, *N"1EE, wuv=1,...5. (22
Particularly one has
a\? g \?
_ . b _—_ =
gﬂs—gab(axﬁ) ¢ (&X#) £a= &y (23
and
0_' a
gsszgabfafb:(_5> §a=&s=N\. (24)
JX
Let
Ba=A"1éa—(dX%)a; (29

then,£%B,=0. One can also prove thd;B,=0; henceB,

is a 1-form onS. Note thatB/ is dependent on the coordinate
system chosen. Using EqEl0) and (25), it can be shown
that

1

=5 (26)

(dB')pa=2D(,By IN| 736 4 = wpa.
Equation (26) means az)cba:o; hence, there is at least

locally a 1-formB, on Ssuch that«jba=(d B)pa. This defi-
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ing Egs.(16) and(29), the action(28) on M is reduced to the
following action onS up to a boundary term:

S[h30,\, w,p] = jswm

1 -2 mn
R+Z)\ W WL

(30)

The variation of action30) with respect to K2°, \, wp,)
cannot give the correct reduced field equations. In order to
get those equations, one has to use the 5-metric components
rather tharw,,, as the arguments of the reduced action. This
subtlety exists also in the symmetric reduction of
4-dimensional spacetimé&4].

From Eq.(27), we have

0™ = —A3(dB) 4p(dB)?P. (31)
Substituting Eq(31) into Eq.(30), we obtain the action 08
in terms of basic variablels®”, X, andB, as

S[ha®,\,B,]= fswm[R— %MdB)ab(dB)ab ,
(32

which has the same form as the reduced action in
5-dimensional KK theory. The variations of this action with
respect to 2°, N, B.) will give the correct reduced field
equations orS. Especially, the variation of actiof82) with
respect taB, gives

3
Dc(dB)ac: - E)\il(Dc)\)(dB)ac- (33
Substituting Eq(27) into Eq. (33), we get
D[awa] =0. (34)

nition of B, is independent of any coordinate system and

hence purely geometric. Thus, we obtain

1
(dB)pa= El)\l 73/28abcddea

1
Wap™= iE|)\|3/28'51bcd(dB)Cd- 27

Hereafter, whem >0 or A <0, the sign “£” means “+" or
“ —" respectively. The Hilbert action oM reads

SERE fMJ—_gR.

(28)

Since the principle of symmetric criticality is valid in our

Equation(34) means that there is at least locally a 1-foiq
on Ssuch that

0ap=(dA)4p. (35
SubstitutingA, for B, in Eq. (33) through Egs.(35) and
(27), we obtain Eq(18). Equationg17) and(19) can also be
obtained by substitutind\, for B, after the corresponding
variations.

IV. ALTERNATIVE ACTION ON S

If one wants to taken®®, X, andA, as basic variables,
action(30) fails to be the right action. Another action is thus
needed. When the Killing field? is hypersurface orthogo-

one Killing vector mode[13], one expects that the reduced @l from Eqs(23), (24), (25), (26), and(16), we have

field, Egs.(17)—(19), could be obtained by variation of the
action from the symmetric reduction of E@®8). Using Eq.
(22), we obtain

g=Ah, (29

wap=0, (36)

—1pab 1 —2Rab
R=R=\"'h*D,Dph+ 5N "?h*(DM)Dph. (37)

whereg and h are respectively the determinants of compo-In this case, up to a boundary term the Hilbert acti®® on

nentsg,, (u,v=1.2,...,5) anch,,, (u,v=1,...,4). Us-

M is reduced orS as[13]
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~ 3 -~ 1 o
ghab \]= L|)\|1/2\/WR. (39) Rab=§)\‘2(Da)\)Db)\— §|)\|‘3’Zﬁabhe°hfd
To obtain a regular form of action o8, we conformally « +£ 3% cd
transformh® as (dA)er( dA) et 5[N]~ IFHAA) ac(dA)ba,
~ 4
habzﬂizhab. (39) ( 7)
Let I?a~be t.he covariant derivative operator determined by R2D DA =\~ Th(D MDA
metric h,y, i.e.,
1 ~
~ o~ - —1/ZRhackbd
D,hp.=0. (40) + 2|7\| h*h*%(dA)ap(dA)cq,  (48)
The relation ofD, andD, is [15]
3
~ a —_y 1 a
Davp=Davp—Clvc, V¥ vacFs(0,1),  (41) DHdA)ap=5 A (dA)apD . (49)
where
. Making the conformal transformatio(89) inversely, Egs.
= = = 47) and(48) become
gb:Eth(Dahbd"”Dbhad—Ddhab) (47) and (48)
=hiD.INQ+hiDyInQ—hph*DyinQ. (42 1 1
b e S “2 Rab=5 "% h°U(dA)ac(dA) = 5 haph*h U(dA)(dA)cq
Let
1 -1 1 -2
Q=|\|"Y4 (43) + 5N DaDph— 7 A (Dak)Dph, (50)

Ignoring the boundary term E§38) becomes
SERANE J ViRl
S

Let A=/6 InQ; then, Eq.(44) becomes

1 1
D2\ = E)\_lhab(Da)\)Db)\ - E)\‘lhachbd(dA)ab(dA)cd.

. 3 S
R—gh‘zﬁab(Da)\)Db)\. (44)
(51

Equations(50), (49), and(51) are exactly the same as Egs.
(17)—(19). Therefore, the actioif46) is just the one which
gives also the right reduced field equations.

In conclusion, we have studied the symmetric reduction
This is the action of a 4_gravit’f7'|ab coupled to a massless of 5-dimensional spacetime in three hands. First, we obtain

scalar field. Thus in the source-free case, a 5-dimensiondrdimensional gravity coupled to a vector field and a scalar

spacetime with a hypersurface orthogonal Killing vector fieldfi€ld on S by a direct re_duct;(t))n of the vacuum Einstein's
which is either everywhere time like or everywhere spacefduation onM. Then, takingh®™, A, andB, as basic vari-
like is “conformally” equivalent to 4-dimensional gravity abPles, we get reduced field equations by varying the
coupled to a massless Klein-Gordon field. symmetry-reduced action d§ which is obtained by the re-

In general case, from Eq$17)—(19) we know that be- duction of the Hilbert action oM. Finally, we ptr’opose an
sides a scalar field, the 4-gravity couples also to a vector alternative action or§, which allows us to také®, \, and
field A, on S By carefully observing the reduced field equa- A, as basic variables, and its variations gives also the right

tions and the special actid@4), we suppose the following reduced field equations. All discussions are geometrically
action being the one we are looking for: presented. The scheme might also be extended to higher-

dimensional Kaluza-Klein theories that attempt to unify
st Al [
S

S[Eab,A]:L\/ﬁ[ﬁa—ﬁab(BaA)ﬁbA]. (45)

_ 3 L gauge theories with gravity.
R— gx*Z’F\ab(Dax)Dbx
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