
PHYSICAL REVIEW D 68, 024006 ~2003!
Killing reduction of 5-dimensional spacetimes
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In a 5-dimensional spacetime (M ,gab) with a Killing vector fieldja which is either everywhere time like or
everywhere space like, the collection of all trajectories ofja gives a 4-dimensional spaceS. The reduction of
(M ,gab) is studied in the geometric language, which is a generalization of Geroch’s method for the reduction
of 4-dimensional spacetime. A 4-dimensional gravity coupled to a vector field and a scalar field onS is
obtained by the reduction of vacuum Einstein’s equations onM, which gives also an alternative description of
the 5-dimensional Kaluza-Klein theory. In addition to the symmetry-reduced action from the Hilbert action on
M, an alternative action of the fields onS is also obtained, the variations of which lead to the same fields
equations as those reduced from the vacuum Einstein equation onM.
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I. INTRODUCTION

Spacetime reduction is very important in any high dime
sional theory of physics such as Kaluza-Klein~KK ! theory
@1–5#, high dimensional theory of gravity@6,7#, and string
theory@8,9#. Dimensional reduction can make a high dime
sional theory contact the 4-dimensional sensational world
is also a useful approach to study spacetimes with sym
tries. The original Kaluza-Klein theory unifies electroma
netic and gravitational interactions in four dimensions by
5-dimensional spacetime. Since the theory was first propo
by Kaluza @10#, it has been studied by a large number
authors@1–5# and also extended to higher dimensions in
der to give rise to a unification of gravity with non-Abelia
gauge theories@11#. Along with the successful description o
the electroweak and strong interactions as gauge theories
KK approach may serve as a framework for studying th
unification with gravity. Also using the idea of supergravi
in KK theory, a geometric description of both gauge fiel
and spinor matter is possible.

In Ref. @12#, Geroch introduced a Killing reduction for
malism of 4-dimensional spacetime. Let (M,gab) be a
4-dimensional spacetime with a Killing vector fieldja which
is either everywhere time like or everywhere space like. T
collection of all trajectories ofja gives a 3-dimensiona
spaceS. The discussion of Geroch shows that there is
one-to-one correspondence between tensor fields and te
operations onS and the certain tensor fields and tensor o
erations onM. The differential geometry ofS will, in this
sense, be mirrored inM. Geroch gives the relations of geo
metric properties betweenS and M and then obtains the
field equations onS, which describes a 3-dimensional gra
ity coupled to two massless scalar fields and is equivalen
the vacuum Einstein equations onM.

In this paper we extend Geroch’s approach to
5-dimensional spacetime (M ,gab) with a Killing vector field
in order to study its reduction. We first obtain a series
equations onS, which is also the collection of all trajectorie
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of ja, parallel to Geroch’s. The results show th
5-dimensional gravity with a Killing vector is equivalent t
4-dimensional gravityhab coupled to a vector fieldAa and a
scalar fieldl, and hence it is consistent with the conclusi
of the Kaluza-Klein theory. We then study the reduction fro
the viewpoint of variation principle. It turns out that th
symmetry-reduced action from the Hilbert action onM
would give the correct reduced field equations only if o
usedBa , which has a trivial relation with the 5-metric com
ponents, rather thanAa as one of the arguments. Finally, w
propose another 4-dimensional action onS. Its variations
with respect tohab, l and Aa can give the same reduce
field equations.

II. SYMMETRIC REDUCTION OF 5-DIMENSIONAL
SPACETIME

Let (M ,gab) be ann-dimensional spacetime with a Kill
ing vector fieldja, which is either everywhere time like o
everywhere space like. LetS denote the collection of al
trajectories ofja. A map c from M to S can be defined as
follows: For each pointp of M, c(p) is the trajectory ofja

passing throughp. AssumeS is given the structure of a dif-
ferentiable (n21)-manifold such thatc is a smooth map-
ping. It is natural to regardS as a quotient space ofM. The
proof of Geroch about the following conclusion is indepe
dent of the dimension ofM: There is a one-to-one correspo
dence between tensor fieldsT̃a•••c

b•••d on S and tensor fields
Ta•••c

b•••d on M which satisfy

jaTa•••c
b•••d50, . . . ,jdTa•••c

b•••d50,

LjTa•••c
b•••d50. ~1!

The entire tensor field algebra onS is completely and
uniquely mirrored by tensor field onM subject to Eqs.~1!.
Thus, we shall speak of tensor fields being onS merely as a
shorthand way of saying that the fields onM satisfy Eqs.~1!.

The metric, inverse metric and the Kronecker delta onS
are defined as

hab5gab2l21jajb , ~2!
©2003 The American Physical Society06-1
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hab5gab2l21jajb, ~3!

ha
b5da

b2l21jajb, ~4!

wherel[jaja . Equation~4! can also be interpreted as th
projection operator ontoS. The covariant derivative onS is
defined by

DeTa•••c
b•••d5he

pha
m
•••hc

nhr
b
•••hs

d¹pTm•••n
r •••s , ~5!

where¹p is the covariant derivative associated with the m
ric gab on M andTa•••c

b•••d is any tensor field onS. Note thatDe

satisfies all the conditions of a derivative operator a
Dchab50.

We now consider the special case wheren55. It can be
shown that«abcd[ulu21/2«abcdej

e is the volume element as
sociated with the metrichab on S, i.e.,

D f«abcd50; ~6!

here,«abcde is the volume element associated with the me
gab on M, i.e., ¹f«abcde50. We define the twist 2-formvab
of ja by

vabª«abcdej
c¹dje. ~7!

Clearly we havevab5v [ab] andvabj
a50. It is also easy to

see that

Ljl50, Ljvab50. ~8!

Hence,l andvab are fields onS.
Lengthy but straightforward calculations lead to the f

lowing results.
~1! The Riemann tensorRabcd of (S,hab) is related to the

Riemann tensorRabcd of (M ,gab) by

Rabcd5h[a
p hb]

q h[c
r hd]

s @Rpqrs12l21~¹pjq!~¹rjs!

12l21~¹pj r !~¹qjs!#. ~9!

~2! The derivative of the Killing vector reads

¹ajb52
1

4
l21«abcdej

cvde1l21j [bDa]l. ~10!

~3! The second derivative reads

¹a¹bjc5R dabcj
d. ~11!

~4! Contracting Eq.~9! and using Eqs.~10! and ~11!, the
relation between the Ricci tensorRab of (S,hab) and the
Ricci tensorRab of (M ,gab) can be obtained as

Rab5
1

2
l22S va

mvbm2
1

2
habvmnv

mnD1
1

2
l21DaDbl

2
1

4
l22~Dal!Dbl1ha

mhb
nRmn . ~12!

~5! Taking the curl and divergence of Eq.~7! and using
Eqs.~10! and ~11!, one can get
02400
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D [avbc]5
2

3
«abcmnj

mR p
njp ~13!

and

Davab5
3

2
l21vmbD

ml. ~14!

~6! Using Eqs.~10! and ~11! again, we have

D2l5
1

2
l21~Dal!Dal2

1

2
l21vabvab22R mnj

mjn,

~15!

whereD2[DaDa .
~7! Contracting Eq.~12! by hab and using Eq.~15!, we

obtain

R52
1

4
l22vmnv

mn1l21D2l2
1

2
l22~Dal!Dal1R;

~16!

here, R and R are the scalar curvature of (S,hab) and
(M ,gab) respectively.

Thus, the basic equations for a 5-dimensional spacet
with a Killing vector field are a set of differential equation
on three variables, the metrichab, the norml and the twist
2-form vab of the Killing vector. They are formulated a
Eqs.~12!, ~13!, ~14!, and~15!.

When the spacetime (M ,gab) is source free (Rab50),
Eq. ~13! implies that (dv)abc on S is zero. Hence at leas
locally there is a 1-formAa on S such thatvab5(dA)ab
[2D [aAb] . Then Eqs.~12!–~15! become

Rab5
1

2
l22F ~dA!a

m~dA!bm2
1

2
hab~dA!mn~dA!mnG

1
1

2
l21DaDbl2

1

4
l22~Dal!Dbl, ~17!

Da~dA!ab5
3

2
l21~dA!mbD

ml, ~18!

D2l5
1

2
l21~Dal!Dal2

1

2
l21~dA!ab~dA!ab.

~19!

Equations ~17!–~19! describe a 4-dimensional gravit
coupled to a vector field and a scalar field, which are equi
lent to a 5-dimensional vacuum Einstein’s equation with
Killing symmetry. When the Killing vector field is spac
like, it coincides with the conclusion of the 5-dimension
Kaluza-Klein theory. Thus, by reducing Einstein’s equati
on M by an extension of Geroch’s method, we can prov
an alternative description of the Kaluza-Klein theory in 411
dimensions.

III. SYMMETRY-REDUCED HILBERT ACTION ON S

For practical calculations, it is convenient to take a co
dinate system adapted to the congruence:
6-2
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S ]

]x5D a

5ja. ~20!

From Eq.~2!, we have

gab5hab1l21jajb . ~21!

The components of Eq.~21! are

gmn5hmn1l21jmjn , m,n51, . . . ,5. ~22!

Particularly one has

gm55gabS ]

]xmD a

jb5S ]

]xmD a

ja5jm ~23!

and

g555gabj
ajb5S ]

]x5D a

ja5j55l. ~24!

Let

Ba85l21ja2~dx5!a ; ~25!

then,jaBa850. One can also prove thatLjBa850; hence,Ba8
is a 1-form onS. Note thatBa8 is dependent on the coordina
system chosen. Using Eqs.~10! and ~25!, it can be shown
that

~dB8!ba[2D [bBa]8 5
1

2
ulu23/2«abcdv

cd[v̄ba . ~26!

Equation ~26! means (dv̄)cba50; hence, there is at leas
locally a 1-formBa on S such thatv̄ba5(dB)ba . This defi-
nition of Ba is independent of any coordinate system a
hence purely geometric. Thus, we obtain

~dB!ba5
1

2
ulu23/2«abcdv

cd,

vab56
1

2
ulu3/2«abcd~dB!cd. ~27!

Hereafter, whenl.0 or l,0, the sign ‘‘6 ’’ means ‘‘1’’ or
‘‘ 2 ’’ respectively. The Hilbert action onM reads

S@gab#5E
M
A2gR. ~28!

Since the principle of symmetric criticality is valid in ou
one Killing vector model@13#, one expects that the reduce
field, Eqs.~17!–~19!, could be obtained by variation of th
action from the symmetric reduction of Eq.~28!. Using Eq.
~22!, we obtain

g5lh, ~29!

whereg and h are respectively the determinants of comp
nentsgmn (m,n51,2, . . . ,5) andhmn (m,n51, . . . ,4). Us-
02400
d

-

ing Eqs.~16! and~29!, the action~28! on M is reduced to the
following action onS up to a boundary term:

S@hab,l,vab#5E
S
ulu1/2AuhuFR1

1

4
l22wmnw

mnG .
~30!

The variation of action~30! with respect to (hab, l, vmn)
cannot give the correct reduced field equations. In orde
get those equations, one has to use the 5-metric compon
rather thanvmn as the arguments of the reduced action. T
subtlety exists also in the symmetric reduction
4-dimensional spacetimes@14#.

From Eq.~27!, we have

vmnvmn52l3~dB!ab~dB!ab. ~31!

Substituting Eq.~31! into Eq.~30!, we obtain the action onS
in terms of basic variableshab, l, andBa as

S@hab,l,Ba#5E
S
ulu1/2AuhuFR2

1

4
l~dB!ab~dB!abG ,

~32!

which has the same form as the reduced action
5-dimensional KK theory. The variations of this action wi
respect to (hab, l, Bc) will give the correct reduced field
equations onS. Especially, the variation of action~32! with
respect toBa gives

Dc~dB!ac52
3

2
l21~Dcl!~dB!ac . ~33!

Substituting Eq.~27! into Eq. ~33!, we get

D [avbc]50. ~34!

Equation~34! means that there is at least locally a 1-formAa
on S such that

vab5~dA!ab . ~35!

SubstitutingAa for Ba in Eq. ~33! through Eqs.~35! and
~27!, we obtain Eq.~18!. Equations~17! and~19! can also be
obtained by substitutingAa for Ba after the corresponding
variations.

IV. ALTERNATIVE ACTION ON S

If one wants to takehab, l, and Aa as basic variables
action~30! fails to be the right action. Another action is thu
needed. When the Killing fieldja is hypersurface orthogo
nal, from Eqs.~23!, ~24!, ~25!, ~26!, and~16!, we have

vab50, ~36!

R5R2l21habDaDbl1
1

2
l22hab~Dal!Dbl. ~37!

In this case, up to a boundary term the Hilbert action~28! on
M is reduced onS as @13#
6-3
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S@hab,l#5E
S
ulu1/2AuhuR. ~38!

To obtain a regular form of action onS, we conformally
transformhab as

h̃ab5V22hab . ~39!

Let D̃a be the covariant derivative operator determined
metric h̃ab , i.e.,

D̃ah̃bc50. ~40!

The relation ofD̃a andDa is @15#

Davb5D̃avb2Cab
c vc , ; vaPFS~0,1!, ~41!

where

Cab
c 5

1

2
hcd~D̃ahbd1D̃bhad2D̃dhab!

5h̃b
cD̃a ln V1h̃a

cD̃b ln V2h̃abh̃
cdD̃d ln V. ~42!

Let

V5ulu21/4. ~43!

Ignoring the boundary term Eq.~38! becomes

S@ h̃ab,l#5E
S
Auh̃uF R̃2

3

8
l22h̃ab~D̃al!D̃blG . ~44!

Let L5A6 lnV; then, Eq.~44! becomes

S@ h̃ab,L#5E
S
Auh̃u@R̃2h̃ab~D̃aL!D̃bL#. ~45!

This is the action of a 4-gravityh̃ab coupled to a massles
scalar field. Thus in the source-free case, a 5-dimensi
spacetime with a hypersurface orthogonal Killing vector fie
which is either everywhere time like or everywhere spa
like is ‘‘conformally’’ equivalent to 4-dimensional gravity
coupled to a massless Klein-Gordon field.

In general case, from Eqs.~17!–~19! we know that be-
sides a scalar fieldl, the 4-gravity couples also to a vecto
field Aa on S. By carefully observing the reduced field equ
tions and the special action~44!, we suppose the following
action being the one we are looking for:

S@ h̃ab,l,Aa#5E
S
Auh̃uF R̃2

3

8
l22h̃ab~D̃al!D̃bl

2
1

4
ulu23/2h̃ach̃bd~dA!ab~dA!cdG . ~46!

Varying the action~46! with respect toh̃ab, l, andAa , re-
spectively, we get
02400
y
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e

R̃ab5
3

8
l22~D̃al!D̃bl2

1

8
ulu23/2h̃abh̃

ech̃f d

3~dA!e f~dA!cd1
1

2
ulu23/2h̃cd~dA!ac~dA!bd ,

~47!

h̃abD̃aD̃bl5l21h̃ab~D̃al!D̃bl

1
1

2
ulu21/2h̃ach̃bd~dA!ab~dA!cd , ~48!

Da~dA!ab5
3

2
l21~dA!abD

al. ~49!

Making the conformal transformation~39! inversely, Eqs.
~47! and ~48! become

Rab5
1

2
l22Fhcd~dA!ac~dA!bd2

1

2
habh

echf d~dA!e f~dA!cdG
1

1

2
l21DaDbl2

1

4
l22~Dal!Dbl, ~50!

D2l5
1

2
l21hab~Dal!Dbl2

1

2
l21hachbd~dA!ab~dA!cd .

~51!

Equations~50!, ~49!, and ~51! are exactly the same as Eq
~17!–~19!. Therefore, the action~46! is just the one which
gives also the right reduced field equations.

In conclusion, we have studied the symmetric reduct
of 5-dimensional spacetime in three hands. First, we ob
4-dimensional gravity coupled to a vector field and a sca
field on S by a direct reduction of the vacuum Einstein
equation onM. Then, takinghab, l, andBa as basic vari-
ables, we get reduced field equations by varying
symmetry-reduced action onS, which is obtained by the re
duction of the Hilbert action onM. Finally, we propose an
alternative action onS, which allows us to takehab, l, and
Aa as basic variables, and its variations gives also the r
reduced field equations. All discussions are geometric
presented. The scheme might also be extended to hig
dimensional Kaluza-Klein theories that attempt to un
gauge theories with gravity.
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